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5.13. The Legendre Function P
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5.14. The Kummer Confluent Hypergeometric Function
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6.1. Elementary Functions ���������������������������������������������������������� #
�/

&����� ������������������������������������������������������������������������������ #�/

&����� �����������������!���"���������������������������������������������������� #�/

&����� ����������������!%"���������������������������������������������������������� #�.

&���#� ���������������������������������������������������������������������������� #��
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6.6. The Incomplete Gamma Function γ(ν, z) ���������������������������� #
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6.9. The Modified Bessel Function Iν(z) ������������������������������������ #(
'

&�/��� ����������������	��������������������������������������������������������������� #('

&�/��� ����������������	��������0	����������������������������������������������� #(&
&�/��� ����������������"��0������	����������������������������������������������� #((
&�/�#� ����������������	�������
������������������������������������������������� #-.

&�/�'� ����������������"��0������	�������
��������������������������������� #-.
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6.17. The Generalized Hypergeometric Function pFq((ap); (bq); z)
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������ Representations of Hypergeometric Functions
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Chapter 1

The Derivatives

1.1. Elementary Functions

1.1.1. General formulas

1. ����� ���	��
�	�  ������ ��� 
������� ��� ��! '#" � "$&% ��')(*� $ ! % �,+ �&- ��. �	��
� ¤
2. ����� ���0/ ���0�   �&-21����� �43 ¢ � � ��'65 $ (87�! %$9% ��')( $ (:7�! % � £ / ��� -;�&- � �<+ �&- ��. ��/ ��� = '8>?7A@CB
3. ���ED	�EF 7��GIH   ��3 ¢ � � � � 3 ¢ � � �&-21�����KJ ' $�L � "�" � '��')( $ (:7�! % �,+ �&- ��. F 7��G = '8>?7A@CB
4. ���EDM� �&-21 �EF 7� GIH   ��3 ¢ � � � -;�&-21ON F 7� G �<� � �P�Q� �,�	�&�	�   N �	�&� ¤
5. ����� � 1 �	�&�R� 
 �0�&� ¤�¤4¤ ��ST�0�&�	�   ����U4��� J '$ � LV� + ��U4.1 �	�&� �&- � U��XW4��� J ')( $ �$ � LV� + �XW4.
 �0�&� ¤�¤4¤

Y �&- ��U -<Z Z Z - �X[<\]W�� [<\#U ��� ^ ')( $ � (_B�BB<( $ ( " �$ ( " � ` � + � [<\#U .S -21 �	�&�R� + �&- ��U -<Z Z Z - �X[<\#U4.S �	�&� ¤
6. ���EDM� SEa � ��F 7� G � S D�� S -21Ab F 7� G9HOH   �43 ¢ � SEa � � -;�&-21 N F 7� G �

� � ����� ���	�&�9� S � b �0�&�	� �   N �0�&� ¤
1.1.2. Algebraic functions

1. ����� �&c#�   �43 ¢ � � �43Pd2� � �&c -;� ¤
2. ����� �&e<�	fg3h�&��i��  ���� f � �&e -;� �0fg3h�&�0i -;��j +ke -;�9l i -;� .� F ¢ 3 �O�m G ¤
3. ����� �&e<�	fg3h�&� i �  ���� �&e��0fg3h�&� i -;� j + - e - i -21Rl i -;� .� F ¢ 3 � m�:G ¤
4. ����� �&e<�	fg3h�&� i �  ���� �&e -;� �0fg3h�&� i j +ke -;�9lC- e - i -21 .� F m 5n�m (*� G ¤
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 ���� ��� ��� � �	
 � �	� �	� ,
5. ����� � c �	f�� �&� c �   F m� G � ��� �	( ���&! '

J 1
 (�� L ' � c -;� �0f�� �&� c -;��� c -;� a 1	� 
� F ¢ � � �m G ¤
6.

  ��3 ¢ � � � � �0��
�� fI�&� c -;��� 
 � - c� F �O� 5 m��� � � 5 m � G ¤
7. ����� � -21 �0f�� �&� -21 �

 �£ ��3 ¢ � � a 1 � � f -21 �	f�� �&� -;�&-21 � ¢ 3 F m 5 �� G + � a 1 . � 
�� � a 1 F m 5n�O�� � m � 5 � � G! ¤
8. ����� � - c -21	� 
]�	fg3h�&� c �

 �£ - 
 � ���'�! %
J 1
 (�� L ' � - c -21	� 
 �0fg3h�&� c -;��� c -;� a 1	� 

 � F#" m � G ¤

9. ����� � c �	fg3h�&� �&- 
 c -21 �   �43 ¢ � � ��� f ��� 
� c -;��� 
��0fg3h�&� - 
 c -21$� - c� F � 5 m� � m � G ¤
10. ����� � �&- 
 c -21 �0f�� �&� c �

  F�3 7� G � � � �	(����9! '
J 1
 (%� L ' � �&- 
 c -21 �	f�� �&� c -;��� c -;� a 1	� 
� F ¢ � � m�8G ¤

11. ����� � - c -!&4� 
 �0fg3h�&� c �
  3 ' %� J & 
 L 'J ('�6( 1
 L '%& � f -21	� 
O� - c -21 �	fg3h�&� c -;��� c -;� a 1	� 

 � a 1 F#" m � G ¤

12. ����� � �&-21	� 
��0fg3h�&� c �  ���� J 1
 L 'J 1
 (�� L ' f � � -21	� 
��0fg3h�&� c -;� � c -;� a 1	� 

 � F " �m G ¤
13. ����� � � a 1	� 
��0f�� �&� c �

  3 £ - 
 �&-21 ���'65_7�! %�(� 5_7X! '%& � �	�$� fI� c a 1	� 
 � - c -;�&-21
 � a 1 )+* �� 5 m-, ¤
14. ����� � �&-21	� 
��0f�� �&� c �  �£ - 
 � ���'�! %�(� 5 7�! ' � -21	� 
��	f-� �&� c.� - c -;�
 � )+* �m 5 � , ¤
15. ����� � � �0f�� �&� -21	� 
 �  ���� f ��� 
��0f�� �&� - + � a 1 . � 
 j � F � m 5 �� � m � 5 m � G ¤
16. ����� � � �0f�� �&� �&-21	� 
 �  ���� f � �	f-� �&� -21	� 
 j 
 � F�" ¢ � �m G ¤
17. ����� � � �0f�� �&� � a 1	� 
 �  ���� f � a 1	� 
 j 
 � a 1 F " ¢ � �m G ¤
18. ����� � � �0f�� �&� -;�&-21	� 
 �  �� � �0f�� �&� -;�&-21	� 
 j 
 � ) * mm 5 � , ¤
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19. ����� � � �0f�� �&� -;�&-!&4� 
 �  �� � f -21	� 
]�	f-� �&� -;�&-21Oj 
 � a 1 )+* mm 5 � , ¤
20. � � � � � �0f�� �&� � �  �� � f � j � F ¢ � � �m G ¤
21. ����� � -;�&-21 �0f�� �&� � �   ��3 ¢ � � � � � -;�&-21 j � F ¢ � � m� G ¤
22. � � � � �&-21	� 
 �	f��h�&� -;�&-21	� 
 �   �43 ¢ � � ��� � -21	� 
 �0f �h�&� -;�&-21	� 
 j 
 � )+* �m 5:� , ¤
23. ����� � �&-21	� 
��0f�� �&� � �  ���� ��3PfI� � � -21	� 
 j 
 � F�" �m G ¤
24. � � � � � a 1	� 
 �0f�� �&� � a 1	� 
 �   J & 
 L ''g5 7 f � � 1	� 
 �0f�� �&� 1	� 
�� � F ¢ � � �m G ¤
25.

  J & 
 L '�#��'Q5_7�! f � a 1	� 
 � 1	� 
 � 
 � a 1 F�" ¢ � �m G ¤
26. � � � � �&-21	� 
 �0f�� �&� � a 1	� 
 �   F 7� G � f � a 1	� 
 � -21	� 
 � 
 � a 1 F#" ¢ � �m G ¤
27. ����� � � a 1	� 
��0f�� �&� �&-21	� 
 �   F 7� G � f � � 1	� 
��0f�� �&� -21	� 
 � 
 � F " ¢ � �m G ¤
28. ����� � � a 1	� 
��0fg3h�&� �&-21	� 
 �   �43 ¢ � � F 7��G � f � a 1	� 
��	fg3h�&� -21	� 
 � 
 � a 1 F#" �m G ¤
29. ����� � �&-21	� 
��0f�� �&� �&-21	� 
 �   F 7��G � f � � -21	� 
��	f-� �&� -21	� 
 � 
 � F#" ¢ � �m G ¤
30. ����� � �&-21	� 
��0f�� �&� -;� �   F 7��G � � -21	� 
��	f�� �&� -;� � 
 � )+* mm 5 � , ¤
31. � � � � � a 1	� 
 �0f�� �&� -;�&-21 �   F 7� G � � 1	� 
 �	f-� �&� -;�&-21 � 
 � )+* mm 5n� , ¤
32.

  �43 ¢ � � F 7��G � �	f-� �&� -;�&-21	� 
 � 
 � a 1 ) * �m 5 � , ¤
33. ����� � �&-21	� 
��0f�� �&� -;�&-21 �

  F 7��G � �	fI�&� -21	� 
 �0f�� �&� -;�&-21	� 
 � 
 � a 1 ) * mm 5 � , ¤
34.

  �43 ¢ � � F 7� G � � -21	� 
��0f��h��� -;�&-21 � 
 � )+* �m 5:� , ¤
35. ����� � � a 1	� 
��0f�� �&� -;�&- 
 �

  �43 ¢ � � £ - 
 � ���O'65_7X! %��'65 7�! % � 1	� 
��	f-� �&� -;�&- 
�� � F ��( m� 5 m G ¤
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36.

  J & 
 L '�#��'Q5_7�! F �m G 1	� 
 �	f�� �&� -;�&-!&4� 
 � 
 � a 1 )+* mm 5n� , ¤
37. ����� �0f9
 3h��
� c �   ��3 £ fI� � ��� �	('�9! '��' ( ���&! ' �0f9
 3h��
� c -;� � c -;� a 1	� 
� F �m G ¤
38. ����� �0f9
 3h��
� -21 �

 �� � f -21 �	fg3h�&� -;�&-21 � ¢ 3 F �E( m� 5 m G + � a 1 . � 
�� � a 1 F �� � � ( m � G  ¤
39. � 
 ��� �0f9
 3h��
� -21 �   � £�� � � f -21 �	f9
 3h��
O� -;�&-21	� 
 � 
 � a 1 F m� m � (8� � G ¤
40. � 
 � a 1 � �0f9
 3h��
� -21 �   � £
� � ¢ � � f -21 �;�	f9
 3h��
O� -;�&-!&4� 
 � 
 � a 1 F m� m � (8� � G ¤
41. � � � � -21	� 
 �0f�� �&� -21	� 
 �

  �43 ¢ � � ��� � - + � a 1 . � 
 �0f�� �&� - + � a 1 . � 
 j � F � � 5 m� � m � 5 � � G ¤
42. ����� �0f9
�� ��
� -21	� 
R�   �43 ¢ � � ��� �	f9
 � ��
� - + � a 1 . � 
 j � F �� m � 5 � � G ¤
43. ����� �0f9
 3h��
� � �   �43 £ fI� � ��� j � F �m G ¤
44. ����� �0f9
 3h��
� �&-21	� 
R�   �43 £ fI� � F 7� G � �	f9
 3h��
� -21	� 
 � � F �m G ¤
45. ����� �0fI�Q3h��
� �&-21	� 
R�   �43�fI� � F 7� G � �0fI�Q3h��
� -21	� 
 � 
 � F�" �m G ¤
46. � � � �0f 
 3h� 
 � � a 1	� 
 �   �	(�� m ! ''65_7 F � � G � �0f 
 3h� 
 � 1	� 
 � � F �m G ¤
47. ����� � -;�&-21 �0f9
 3h��
� � �   �43 £ fI� � ��� � -;�&-21 j � F m � G ¤
48. ����� � �&- 
 c -21 �0��
 3hf9
� c �

  � £ fI� � ��� �	('�9! '��')( ���&! ' � �&- 
 c -21 �0� 
 3hf 
 � c -;� � c -;� a 1	� 
� F m � G ¤
49. ��� � 7� � � 5 m � F �$� � � 
 � f 
 G 1	� 
  

  ��3 ¢ � � � �m F 7� G � �0��
�� f9
� - + 
 � a 1 . ������� � F �O'65_7� 	�
������
�m G ¤

1.1.3. The exponential function

1. �����k� c�� -�����  ���� � c -;� � -����� c -;�� �0fI�&� ¤
2. ��� � � c�� -��R��� �   �43 ¢ � � ��� � c -;� � -��R����� - c -21� F m � G ¤
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3. ���ED � �� W H   ��3��A� � f ��� 
 � �� W�� � ���R/ f��&� ¤
4. ���EDM� �&-21 � �R��� W H   � � f ��� 
� -;�&-21 � �R��� W�� � F � � m� G ¤
5. ���ED � -��� W H   ��3 ¢ � � f ��� 
 � -��� W�� � ��/ f��&� ¤
6. ���EDM� �&-21�#-��R��� W H   f ��� 
 � -;�&-21�#-��R��� W � � F � m� G ¤
7. � � � � � � � �   / �8F m� G � a 1	� 
 � + 1A- 
 � . ��� � 	 �&-21	� 
 �	f;/ ��� �
	 1	� 
 -;� �0f;/ ���	� ¤
8. � � D 7� � � � � � H   / �*F m� G � a 1	� 
 � - + 1 a 
 � . ��� � 	 � a 1	� 
 �	f;/ ��� ��	 -;�&-21	� 
 �	f;/ ���0� ¤
9. �����k� �&-21 � �R� � ���

  ��3 ¢ � � / �*F m��G � a 1	� 
 � - + � a 
 � . ��� D�	 �&-21	� 
 F m� � G �
	 1	� 
 -;� F m� � GIH ¤
10. �����k� �&-21	� 
 � �R� � ���

  �43 ¢ � � / � F m � G � a 1	� 
 � - + & a 
 � . ��� D 	 � a 1	� 
 F m� � G �
	 -;�&-21	� 
 F m� � GIH ¤
11. ����� � -�� � ���   ��3 ¢ � � m ' & �� �� ']" �� � � � �I+ 1A- 
 � . ����� �&-21	� 
 �	f / ��� ¤
12. ��� D 7� � � -�� � � H   �43 ¢ � � m '%& �� �� '#" �� � � � � - + 1 a 
 � . ����� � a 1	� 
 �0f / ��� ¤
13. ��� � � �&-21 � -��R� � � �   m '%& �� �� ']" �� � � � � - + 
 � a � . ����� �&-21	� 
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1.2. The Hurwitz Zeta Function ζ(ν, z)
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1.3. The Exponential Integral Ei (z)
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1.5. The Error Functions erf (z) and erfc (z)
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1.6. The Fresnel Integrals S(z) and C(z)

1.6.1. Derivatives with respect to the argument
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1.7. The Generalized Fresnel Integrals S(z, ν) and
C(z, ν)

1.7.1. Derivatives with respect to the argument
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1.8. The Incomplete Gamma Functions γ(ν, z)

and Γ(ν, z)
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1.9. The Parabolic Cylinder Function Dν(z)
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1.10. The Bessel Function Jν(z)

1.10.1. Derivatives with respect to the argument
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1.11. The Bessel Function Yν(z)
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1.15. The Struve Functions Hν(z) and Lν(z)
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1.17. The Kelvin Functions berν(z), beiν(z), kerν(z)

and keiν(z)

1.17.1. Derivatives with respect to the argument
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1.18. The Legendre Polynomials Pn(z)
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1.20. The Hermite Polynomials Hn(z)

1.20.1. Derivatives with respect to the argument
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1.21. The Laguerre Polynomials Lλn(z)

1.21.1. Derivatives with respect to the argument
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1.22.2. Derivatives with respect to the parameter
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1.23. The Jacobi Polynomials P (ρ,σ)

n (z)

1.23.1. Derivatives with respect to the argument
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1.23.2. Derivatives with respect to parameters
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1.24. The Complete Elliptic Integrals K(z), E(z)
and D(z)

1.24.1. Derivatives with respect to the argument
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1.25. The Legendre Function P µ
ν (z)

1.25.1. Derivatives with respect to the argument
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1.25.2. Derivatives with respect to parameters
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1.26. The Kummer Confluent Hypergeometric Function

1F1(a; b; z)

1.26.1. Derivatives with respect to the argument
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1.27. The Tricomi Confluent Hypergeometric Function
Ψ(a; b; z)

1.27.1. Derivatives with respect to the argument
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1.30. The Generalized Hypergeometric Function

pFq((ap); (bq); z)

1.30.1. Derivatives with respect to the argument
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Chapter 2

Limits

2.1. Special Functions
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2.1.3. The Kelvin functions berν(z), beiν(z), kerν(z) and keiν(z)
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2.1.4. The Legendre polynomials Pn(z)
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2.1.7. The Laguerre polynomials Lλn(z)
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2.1.10. Hypergeometric functions
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Chapter 3

Indefinite Integrals

3.1. Elementary Functions

3.1.1. The logarithmic function
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3.2. Special Functions

3.2.1. The Bessel functions Jν(x), Yν(x), Iν(x) and Kν(x)
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Chapter 4

Definite Integrals

4.1. Elementary Functions

4.1.1. Algebraic functions
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4.1.2. The exponential function
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4.2. The Dilogarithm Li2(z)

4.2.1. Integrals containing Li2(z) and algebraic functions
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4.2.2. Integrals containing Li2(z) and trigonometric functions
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4.2.3. Integrals containing Li2(z) and the logarithmic function
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4.2.4. Integrals containing Li2(z) and inverse trigonometric
functions
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4.3. The Sine Si (z) and Cosine ci (z) Integrals

4.3.1. Integrals containing Si (z) and algebraic functions
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4.3.2. Integrals containing Si (z) and trigonometric functions
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4.3.3. Integrals containing Si (z) and the logarithmic function
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4.3.5. Integrals containing products of Si (z) and ci (z)
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4.4. The Error Functions erf (z), erfi (z) and erfc (z)
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4.4.3. Integrals containing erf (z) and trigonometric functions
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4.4.4. Integrals containing erf (z) and the logarithmic function
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4.5. The Fresnel Integrals S(z) and C(z)

4.5.1. Integrals containing S(z) and algebraic functions
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4.5.2. Integrals containing S(z) and trigonometric functions
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4.5.3. Integrals containing S(z) and the logarithmic function
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4.5.4. Integrals containing C(z) and algebraic functions
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4.5.5. Integrals containing C(z) and trigonometric functions
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4.5.6. Integrals containing C(z) and the logarithmic function
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4.6. The Incomplete Gamma Function γ(ν, z)

4.6.1. Integrals containing γ(ν, z) and algebraic functions
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4.6.2. Integrals containing γ(ν, z) and the exponential function
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4.6.3. Integrals containing γ(ν, z) and trigonometric functions
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4.6.4. Integrals containing γ(ν, z) and the logarithmic function
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4.6.5. Integrals containing γ(ν, z), erf (z) and erfi (z)

1.
�∫� � 
�� � �

�]�0fg3���� � � �
	 � � ��� 
 �
  � " � � � � !� � J � 5 & 
 L D £ �0f �O� � a &4� 
 � -�� � � � £ f � 3 £ 	)3 ¢ � � F 	-� � � � f � GIH

= m � � � � � �@CB
2.

�∫� � � � � 
�� � �
�]�	fg3���� � � �
	 � � ����
 �

  � � � !
� J � 5 �
 L f � a &4� 
 � � a 1	� 
 1 N 1 �� & 
 ! m �� 5 �


#$ = m � � � � � ��@	B
3.

�∫� � 
 � � � 
�� � �
�]�	fT3���� � � �
	 � � ����
 �

  � � � !
� J � 5 �
 L f � a &4� 
 � � a 1	� 
 � � � 1 N 
 �� 7 ! �

W � W
�
 � a �

�
� 
 � a �

�

#$ = m � � � � � �@CB
4.6.6. Integrals containing products of γ(ν, z)
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4.7. The Bessel Function Jν(z)

4.7.1. Integrals containing Jν(z) and algebraic functions
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4.7.4. Integrals containing Jν(z) and the logarithmic function
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4.7.5. Integrals containing Jν(z) and inverse trigonometric
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4.7.7. Integrals containing products of Jν(z)
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4.8. The Bessel Function Yν(z)

4.8.1. Integrals containing Yν(z) and algebraic functions
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4.9.1. Integrals containing Iν(z) and algebraic functions
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4.9.3. Integrals containing Iν(z) and trigonometric functions
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4.9.7. Integrals containing products of Iν(z)
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4.10. The Macdonald Function Kν(z)

4.10.1. Integrals containing Kν(z), Jν(z), Yν(z) and Iν(z)

1.
�∫� 7
� 	 1 � ��� � � �	fg3���� 
 �   �

� m 	 � �0fI��3 � 1 �0fI� ¤
2.
�∫� � -�� � D 7

� � 	 � � � ����3 � 1 � � ��� H 
 �   7
� F m� m � ( � � 3 ¢ G 
 � m 5 � m � ( � �

�

= � � m � � � � � � @CB
3.
�∫� � � 1 �	f ��� 	 1 �	f ��� � � � � ��� � � ��� ����
 �   3 7� � m � 
 � ) ¢ 3 m �

� � , = � �?m � � @CB
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4.11. The Struve Functions Hν(z) and Lν(z)

4.11.1. Integrals containing Hν(z), Lν(z) and algebraic functions
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4.11.2. Integrals containing Hν(z) and hyperbolic functions

1.
�∫�

� �  �� m ( � ��� ��� �
� / fT3�� � H� ��� / �E��
 �

  m �'& �  � � �!& �� � � � � J � 5 �
 L 
 N �
�� 1
 �#7 ! �

W � �
 � �&� � �� � & 
 � 
 � a ��
� 
 � a �

�

#$ = m � � ! � � � � ( � 	 ��@CB
4.11.3. Integrals containing Hν(z), Lν(z) and trigonometric

functions
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4.11.4. Integrals containing Hν(z), Lν(z) and the logarithmic
function
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4.11.5. Integrals containing Hν(z), Lν(z) and inverse
trigonometric functions
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4.12. The Kelvin Functions berν(z), beiν(z), kerν(z)

and keiν(z)

4.12.1. Integrals containing berν(z), beiν(z), kerν(z), keiν(z) and
algebraic functions
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4.13. The Airy Functions Ai (z) and Bi (z)

4.13.1. Integrals containing products of Ai (z) and Bi (z)
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4.14. The Legendre Polynomials Pn(z)

4.14.1. Integrals containing Pn(z) and algebraic functions
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4.14.2. Integrals containing Pn(z) and trigonometric functions
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4.14.3. Integrals containing Pn(z) and the logarithmic function
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4.14.4. Integrals containing Pn(z), Jν(z), Iν(z) and Kν(z)
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4.14.5. Integrals containing products of Pn(z)
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4.15. The Chebyshev Polynomials Tn(z)

4.15.1. Integrals containing Tn(z) and algebraic functions
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4.15.2. Integrals containing Tn(z) and trigonometric functions
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4.15.3. Integrals containing Tn(z) and special functions
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4.16. The Chebyshev Polynomials Un(z)

4.16.1. Integrals containing Un(z) and algebraic functions
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4.16.2. Integrals containing Un(z) and trigonometric functions
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4.16.3. Integrals containing Un(z) and Kν(z)
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4.16.4. Integrals containing products of Un(z)
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4.17. The Hermite Polynomials Hn(z)

4.17.1. Integrals containing Hn(z) and algebraic functions
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4.17.2. Integrals containing Hn(z) and the exponential function
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4.17.3. Integrals containing Hn(z) and trigonometric functions
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4.17.4. Integrals containing Hn(z), erf (z) and erfc (z)
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4.17.5. Integrals containing Hn(z) and Kν(z)
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4.17.6. Integrals containing products of Hn(z)
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4.18. The Laguerre Polynomials Lλn(z)

4.18.1. Integrals containing Lλn(z) and algebraic functions
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4.18.2. Integrals containing Lλn(z) and trigonometric functions
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4.18.3. Integrals containing Lλn(z) and erfc (z)
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4.19. The Gegenbauer Polynomials Cλ

n(z)

4.19.1. Integrals containing Cλn(z) and algebraic functions
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4.19.2. Integrals containing Cλn(z) and trigonometric functions
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4.19.3. Integrals containing products of Cλn(z)
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4.20. The Jacobi Polynomials P (ρ,σ)
n (z)

4.20.1. Integrals containing P (ρ,σ)
n (z) and algebraic functions
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4.20.2. Integrals containing P (ρ,σ)

n (z) and trigonometric functions
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4.20.3. Integrals containing P (ρ,σ)
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4.20.4. Integrals containing products of P (ρ,σ)
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4.21. The Complete Elliptic Integral K(z)

4.21.1. Integrals containing K(z) and algebraic functions
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4.21.2. Integrals containing K(z), the exponential, hyperbolic and
trigonometric functions
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4.21.6. Integrals containing K(z), shi (z) and Si (z)
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4.21.11. Integrals containing K(z), Hν(z) and Lν(z)
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4.21.12. Integrals containing K(z) and Lλn(z)
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4.22. The Complete Elliptic Integral E(z)

4.22.1. Integrals containing E(z) and algebraic functions
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4.22.6. Integrals containing E(z), shi (z) and Si (z)
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4.22.9. Integrals containing E(z) and γ(ν, z)
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4.22.11. Integrals containing E(z), Hν(z) and Lν(z)
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4.23. The Complete Elliptic Integral D(z)

4.23.1. Integrals containing D(z) and elementary functions
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4.23.2. Integrals containing products of D(z), K(z) and E(z)
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4.24. The Generalized Hypergeometric Function

pFq((ap); (bq); z)

4.24.1. Integrals containing pFq((ap); (bq); z) and algebraic
functions
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4.24.2. Integrals containing pFq((ap); (bq); z) and trigonometric
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4.24.3. Integrals containing pFq((ap); (bq); z) and the logarithmic

function
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Chapter 5

Finite Sums

5.1. The Psi Function ψ(z)

5.1.1. Sums containing ψ(k+ a)
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5.2.2. Sums containing products of γ(ν � k, z)
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5.2.3. Sums containing Γ(ν � k, z)

1.
������� J ' $�L �43��&� � ���
	T3 �1� �&�  �� � � - � � J 7�( � 5n'7�( � ! � L ¤

2.
������� J ' $ L � ¢ 3 	;� � ���
	T3 �1� �&�   ��3 ¢ � �&-21 � � 3 ¢ � � � � -;� �V- � � � -;��&-21 �	�&� = '8>?7A@CB

3.
������� J ' $ L �C7 ( � ! "�C7 ( � (*'�! " ��3��&� � ����	T3 ��� �&�   ' %� � ! ' � � a � �V- � � J '65_7 ! �� 5:'g5 7 L ¤

4.
������� �43 ¢ � � J ' $ L 7� � ! " ���
	 � �1� �&�   3 ��')(:7X! %� � ! ' ��� � - ��� ��&-21 �	�&� = '8>?7A@CB

31��3



�+� � ��� 
 � ��� ��������� 
 � ;�� 31� �
5.3. The Bessel Function Jν(z)

5.3.1. Sums containing Jν � nk(z)
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5.3.2. Sums containing products of Jν � nk(z)
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5.4. The Modified Bessel Function Iν(z)

5.4.1. Sums containing Iν � nk(z)
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5.5. The Macdonald Function Kν(z)

5.5.1. Sums containing Kν � nk(z)
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5.6. The Struve Functions Hν(z) and Lν(z)

5.6.1. Sums containing Hk+ν(z) and Lk+ν(z)
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5.7. The Legendre Polynomials Pn(z)

5.7.1. Sums containing Pm � nk(z)
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5.7.2. Sums containing Pn(z) and special functions
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5.7.3. Sums containing products of Pm � nk(z)
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5.7.4. Sums containing Pm(ϕ(k, z))
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5.7.5. Sums containing Pk(ϕ(k, z))
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5.7.6. Sums containing products of Pm(ϕ(k, z))
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5.8. The Chebyshev Polynomials Tn(z) and Un(z)

5.8.1. Sums containing Tm+nk(z)

1.
������� J ' $ L � � � � �0�&�   � ¢ � £ � ��� � 
� ��� 
 � � F 7,5 �4�� 7<5n� �4� 5 � � G ¤

2.
������� J ' $�L � m ! "

J 1
 L " F �7�(8��G � � � �	�&�
  � m ! '

J 1
 L ' F 7<5 �7 (8� G � � N & �� (�' � 1
 ( ' � 1;- 
 ��- 
 ��
� &<- 
 ��- 
 ��1
 ( m ( ' �V7 ( m ( ' � 1
 ! � �,- �� a 1

#$
¤

3.
������� � 
 � �0�&�   7� � 
 � �0�&��� 7� ¤

4.
������� � � 
 3 � 
O� � 
 � �	�&�   7� �M� � (:7�! � £�� 
��0��
 3 ¢ ��� £
� � 
 � �0�&��3h� � 
 �&-21 �0�&�	�= '*>?7R@CB

5.
������� J �O'')( $ L � 
 � �	�&�  �£ 
 �&-21 ��
 � � 7� J �O'' L ¤

6.
������� 7��')( $ ! % ��'65 $ ! % � 
 � �0�&�   ��� ��! � '�]���O'�! % � 7�]��' % ! � ¤

7.
������� �43 ¢ � � J ' $�L � m ! "

J 1
 L " � - 

� � 
 � �0�&�

  � m ! '
J 1
 L ' � - 
 � �

¢ 3h� 
 � � � N & ��� ( ' � 1
 ( ' � 1;- 
 ��- 
 ��
� &�- 
 ��- 
 ��1
 ( m (*' �#7�( m (*' � 1
 ! � �

W
�
W -Q1

#
�

$
¤

8.
������� J ' $ L � m ! "

J 1
 L�" �
¢ 3h��
� - � � 
 � �	�&�

  � m ! '
J 1
 L ' � 
 � �

¢ 3h� 
 � -;� � N & �� ( ' � 1
 ( ' � 1;- 
 ��- 
 ��
� &�- 
 ��- 
 ��1
 ( m (*' �#7 ( m (*' � 1
 !
� ( � � " � #$ ¤

9.
������� � 
 � a 1 �0�&�   7� � 
 �&-21 �0�&� = '8>?7A@CB

10.
������� J �O'65_7')( $ L � 
 � a 1 �	�&�  �£ 
 � ��
 � a 1 ¤

3�,9P



�+� � ��� 
 � ��� ��������� 
 � ;�� L1� �
11.

������� 7$ 5n'65_7 J �O'')( $ L � 
 � a 1 �	�&�   � � ' � � ' & ��O'65 7 ¤

12.
������� � � 3 � �R� � � � � ¢ � � 
 � a 1 �0�&�

  7� �M� � (:7X! � � £�� � ¢ � � 
 � a 1 �0�&��3h� � 
 � �	�&�0� ¤
13.

������� 7��')( $ ! % � $ 5n'65_7�! % � 
 � a 1 �	�&�   � � ' � � ' & ����O'65_7X! % ¤
14.

������� �43 ¢ � � � $ 5_7��')( $ ! % � $ 5n'65_7X! % � 
 � a 1 �	�&�   � � ' ����'�! % � ¢ 3h� 
 � � ¤
15.

������� J ' $ L � m ! "
J & 
 L " � ¢ 3h��
O� - � � 
 � a 1 �0�&�

  � m ! '
J & 
 L ' � 
 � a 1 � ¢ 3h� 
 � -;� � N & �� ( ' ��(�')( 1
 � 1;- 
 � - 
 ��

� &�- 
 ��- 
 ��1
 ( m (*' �#7�( m (*' � 1
 !
� ( � � " � #$

¤

16.
������ ��3 ¢ � � � m ! "��')( $ ! % ��� $ 5_7X! % F �� G 
 � � 
 � a 1 �0�&�

  � m ! '���O'�! % � 1A- 
 � ) 7�(*� �� , � � N & ��� ( ' � 1
 (*' � &�- 
 ��- 
 ��
� � - 
 ��- 
 ��7 ( m ( ' � & 
 ( m (*' � & 
 ! � �

W
�
W -Q1

#
�

$
¤

17.
������� �43 ¢ � � �C7,5 m 5n'�! "��')( $ ! % � $ 5n'65_7X! % �C7 ( m ( '�! " � 
 � a 1 �	�&�

  7�]� m 5n'�!A� m ! �' � �
 � a 1 �0�&� ¤
18.

� ��� 
�������� ��3 ¢ � � J ' $�L � m ! "�C7 ( m ( '�! " � �&- 
 � �	�&�   ' %�]� m ! ' � �� �	�&�� �	( 7�!�� '  ���� � 
 � ��� 
�� l �
� '� � 
 � �

� m ! � '  ����C7 ( m (*'�!
� '  ���

¤

19.
� ��� & ������� J ( 
 �& L)"$&% � �&-!& � �	�&�   � '� j + -I��� &lC- 
 ��� & .� F � ��(87

� G
� 7� � & � ��� & � l � J ( 
 �& L � '  ���� � & � % ¤

3	3	N



��� ��� � � ��� �����	��� ����� ����
 � � � � ��� ��� ����� � � 
 ) ' ���
	 � ��� * ' ����	
20.

� ��� 
������� �43 ¢ � � J 1
 (*' L "$&% ���O')(*� $ 5_7X! � 
 �&- � � a 1 �	�&�   �	( �O! ' ��O'65_7Qj + 1	� 
 lC-;�&-21	� 
 .� � ¢ 3 �#��
O� ¤
21.

������� J � $ L � SEa �&- 
 � �	�&�   � £ �&� S � � �	�&� ¤
22.

������� J �O'65_7� $ 5_7 L � £ �&� - 
 � � 
 �&- 
 � � 
 � a 1 �0�&�   �O'65_7� � ' � � '#" � � 
 � �0�&� ¤
23.

������� J �O'� $ L �
� ']" � " (:7���O�]! � " � 
 �&- 
 � � 
 � �0�&�   '��� ��! � ']" � � 1A- 
 � � 
 �&-21 �	�&� = '8>?7A@CB

5.8.2. Sums containing products of Tm+nk(z)
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5.8.5. Sums containing products of Un(z)
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5.9. The Hermite Polynomials Hn(z)
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5.9.3. Sums containing products of Hm � nk(z)
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5.9.4. Sums containing Hn(ϕ(k, z))
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5.9.5. Sums containing Hm � nk(ϕ(k, z))
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5.9.6. Sums containing products of Hm � nk(ϕ(k, z))

1.
������� �43 ¢ � � J ' $ L&� � ST� � � � �&�	� 
  �¡ = � ��� 'I@CB

2.
������� �	( 7�! " � $ 5_7X! '#" �� ���� $ 5_7X! % ���O'T(*� $ ! % � 
 �&- 
 � F �� $ 5_7 G � 
 � a 1 F �� $ 5_7 G

  � � '%& ����O'65n�! % � �
� 
 � a 
 3 � � 
 � ��
� � a 1 � � a 1 ) � � (8� �

�

� 5 � � ,  ¤
3.

������� �	( 7�! " � $ 5_7X! '��� $ 5_7X! % ���O'T(*� $ 5_7X! % � 
 �&- 
 � a 1 F �� $ 5_7 G � 
 � a 1 F �� $ 5_7 G
  � � '%& �

����'65 � ! % � D � 
 � a 
 � �43 ¢ � � � � 
 � ��
� � a 1 � 
 � a 
 F ��
�

� 5 � � GIH ¤
5.10. The Laguerre Polynomials Lλn(z)
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5.10.8. Sums containing products of Lλ
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5.11. The Gegenbauer Polynomials Cλ
n(z)
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5.11.2. Sums containing Cλm � pk(z)
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5.11.7. Sums containing C
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5.12. The Jacobi Polynomials P (ρ,σ)
n (z)

5.12.1. Sums containing P (ρ � pk,σ � qk)
m (z)
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5.12.4. Sums containing products of P
(ρ � pk,σ � qk)
m � nk (z)

1.
������� � � 5
	g5n'65_7X! "� �65_7X! " F 7�(8�� G � j + � l � - �.� � �Q� j + � a � l�� a �.�&- � �	�&�

  � � 5_7X! '' % & N 
 � ( ' � �65 � 5_7�� � 5
	g5:'g5 7
�65_7 � � 5 7 ! + 1;- � . + 1;- � .�

� ¤
2.

������� � � 5
	g5n'65_7X! "�	( � ( � ! " F 7 (8�7�(
�
G � j + � - � l � - ��.� � �Q� j + � a � l�� a ��.�&- � �0�&�

  � � 5 7�! '' % & N 
 � ( ' ��( � � � 5
	65n'65_7( � ( � � � 5_7 ! 1�- �1;- �

� ¤
3.

������� �	( ' ( 	2! "� � 5_7X! " F 7 (8�� G � j + � - � l � .� � �Q� j + � - � l�� .�&- � �	�&�
  � � 5_7�! '' % F 7,5 �� G � & N 
 �� ( ' ��( ' ( 	 � �65 � 5_7

� 5_7 � � 5 7 ! + � a 1 . + �,-Q1 .
X+ � a 1 .
#$
¤

4.
������� �43 ¢ � � J ' $ L J � 5 � 5 & 
 L "J 1
 ( � ( � ( ' L�" j + � a � l � a 1	� 
 .S - � �	�&� j + � a �&- � l �&- � -21	� 
 .S -;� a � �0�&�
  ��3 ¢ � S �	(�� � ! ' J � 5 1
 L ' � � 5_7X! ( ��� � 5n� � 5n�O! ' �	( � ( � ! ( "�'� � % ! � J � 5 � 5 1
 L ' ��� � 5_7X! '

Y & N 
 �� ')(*� � � � 5n'65 1
 ��� � 5n� � 5:'g5:�
� 5:'g5 7 ��� � 5n'65_7 ! 1;- �


#$ = � > 'I@	B
5.

������� � � 5
	g5 � 5_7�! "$9% ) � � (87� , � j + � a � l�� a ��.S - � �	�&� j + � a � -;�9l�� a � -;� .�&- � �	�&�
  J � 5:'� L j + � -;�9l��V-;� .SEa � �0�&� ¤

6.
������� � � 5
	g5 � 5_7�! "$9% ) � � (87� , � j + � a � l�� a ��.S - � �	�&� j + � a � a2S l�� a � -;� .�&- � �	�&�

  J � 5n'� L j + � l���-;� .SEa � �0�&� ¤
5.12.5. Sums containing P

(ρ � pk,σ � qk)
m � nk (ϕ(k, z))

1.
������� �43 ¢ � � J ' $ L j + � l�� .S � � � � �&�  �¡ = ��� 'I@CB

5�N�;



����� ����
.� ��� ������� � 
 � ;�� �!,�� ;
2.

������� ��3 ¢ � � J ' $ L j + � l�� .SEa � � � � � �&�  �� � � ����� � � � � � ¢ � � F�3 � � G �
Y S������ � �� a � � � 5
	g5 � 5n�'g5 7�! "� $ 5n'�! % F � �,G � j + � a � a �9l�� a � a � .S - � � �Q� ¤

3.
����� 1 �43 ¢ �

� J ' $�L � � 3h�&� S j + � l�� .S F $ 5n�$ (*� G   ��3 ¢ � S ���� ¢ � S � S l �3 ��	65_7�! (� % � S = '8> � @CB
4.

������� �43 ¢ � � J ' $ L � � f�� �&� SEa � j + � l�� .SEa � F $ m 5
�$ m 5 � G

 ���� ��-� � � ¢ � � �43�fI� � � S S����� � �� a � F�3 m ��G � �	( � ( � ! "� $ 5n'�! % j + � l�� a � a � .S - � F � � G ¤
5.

����� 1
$ "�" �$&% � ����� � � � ¢ � � F�3 � � G � j + � a � l�� a ��.�&- � � ¢ � � �&�

  3 � � 5n�O! ']" � � � 5
	g5n'65 7�!���#��')(87�! % ¤

6.
������� � $ m 5 � ! ']")"�" ���')( $ ! % �	( � ( 	2! " F � m�8G � j + � - � l���- ��.� � ¢ � � �&�

  J 
 �� L '��' m 5 � !A�	( � ( 	�! ' j + � -;�9l��V-;� .� F ¢ 3 � �m G ¤
7.

������� � $ m 5 7�! ']")"�" ���')( $ ! % �	( � ( 	2! " F �� G � j + � - � l���- ��.� � ¢ � � � f�� ¢ �4�&�
 

�	( � ! ' J ( 

� L
'' % ��' m 5_7X!A�	( � ( 	2! ' ¤

8.
����� 1

$ � "$ � 5 m � � � � � � ¢ � � J ( � 
 L "� $ 5n'�! % j + 
 � l�� .�&- � � ¢ � � 
�&�
  3 m " ��]��' % ! 3 m " ���'65_7X! % ��	g5:'�!�� � & N 
 � (�')(:7�� 	g5n' �#7

� m �V( � m ! �
W
�
 � 3 ¢ � ¤

9.
����� 1 � 


� ��	65n'65_7�! "� $ 5n'�! % F�3 � �,G � j + 
 � l�� .�&- � � ¢ � � 
O�&�
  7�]��' % ! � & N � � (�' � 	g5n'65_7 �#7

� 
 � 3 ¢ � ¤
5�N	:



��� � ��� ��� ��� � ������� ����������� � ��� � ������� ��� 
 &�3 465 7�8' ����	

10.
����� 1 � 


� - 
 ��	65n'65_7X! "� $ 5:'�! % F�3 � � G � j + 
 � l�� .�&- � � ¢ � � 
�&�   3 ��	g5n'65_7X!��� ��')(87�! % ¤

11.
���� 1 � 


� - � ��	 58' 5n7X! "� $ 5*'�! % F]3 � �,G � j + 
 � l�� .�&- � � ¢ � � 
�&�
  3 ��	Q58' 5:7�!A��	 58' 58�!�� �

� �]��'g( �! % 3 ��	Q5*' 5n7X!��� ��'g(*7X! % ¤

12.
����� 1 � 


� - �
��	65n'65_7X! "� $ 5:'�! % F�3 � ��G � j + 
 � l�� .�&- � � ¢ � � 
�&�

  3 ��	65n'65_7�!A��	65n'65n�!A��	g5n'65 � !�� �� � �#��')( � ! % 3 �]��	g5:'g5 7�!A��	65n'65n�O!�� �7X� � ��')(*�! %
3 ��	g5n'65_7X!��� ��')(87�! % ¤

13.
������� � £)� � �I� 
 � -21 � � ! " ��	65 m 5n'65_7X! "$9% � m 5n'65_7�! " F]3 � � G � j + 
 � a � l�� .�&- � � ¢ � � £)� � �I� 
 �&�

  � � 5_7X! '' % � ¤

14.
������� � £)� � ¢ � 
 � -!& ��	65n'65n�O! "� $ 5n'65 7�! % F�3 � � G � j + 
 � a 1Rl�� .�&- � � ¢ � � £!� � ¢ � 
 �&�

  7' % � �#��	65n'65n�O!��
�V��')(:7X! % ¤

15.
������� � £)� � ¢ �4
 � - � ��	65n'65n�O! "� $ 5n'65 7�! % F�3 � �,G � j + 
 � a 1Rl�� .�&- � � ¢ � � £!� � ¢ �4
�&�

  7' % � � �#��	g5n'65n�!��� 7 ��')(:7X! % � � ��	65n'65n�!A��	g5n'65 � !�� ��O� �#��')( �O! % ¤

16.
������� ��� $ 5_7X! � "'& ���� $ 5 7�! � 5 m � ��	g5n'65n�! "� $ 5n'65_7�! % F�3 � � G � j + 
 � a 1Rl�� .�&- � � ¢ � � £!� � ¢ � 
 �&�

  � " ��#��'65_7X! % ��	g5:'g5 7�! m � �
¢ 3 & N 
 � ( ' (:7��#7 � 	g5:'g5 71�- � �
 � 1 a � �
 ! �

W
�
 � � ¤

17.
����� 1

$ ']" �$&% ��3��g3 � � � j + � l�� a �.�&- � F ¢ � �$ G
  3 � � 5
	65n'65_7�! ']" � � � 5n'�!��')(:7�! % F � � G �&-21 ¤
5�N�<



����� ����
.� ��� ������� � 
 � ;�� �!,�� :
18.

����� 1
�	( $ m ! " � $ m 5 � ! '#")"�" ���')( $ ! % � � 5_7X! " j + � l��V- �.� F ¢ � �$ G

  3 � '#" �' % � � '��' m 5 � !A� � 5_7�! ' j + � l���-;� .� F ¢ 3 m �
� G ¤

19.
������� m " � $ m 5 � ! '#")"�" ���' ( $ ! % ��	g5 7�! " �0��� � � � j + � - � l�� .� F ��( $� 5 $ G

  � m ��( � ! '��' m 5 � !A��	g5 7�! ' j + � -;�9l�� .� F m � 5 �m ��( � G ¤
20.

������� �	( 7X! "��')( $ ! % � � 5_7�! " � � f�� ¢ � �&-21 j + � l��V- �.� F $ m 5 �$ m 5_7�G
  � � 5
	g5_7X! '' % ��' m 5_7X!A� � 5_7X! ' F 7 (8�� G � ¤

5.12.6. Sums containing P
(ρ � pk,σ � qk)
n � mk (ϕ(k, z)) and special

functions

1.
����� 1 � � � �

� � � 3 � � ¢ � �&- � -21 J 1
 ( ' L "��' ( $ ! % � � 5_7�! " � 
 �&- 
 � F �� ')( $ 5_7 G
Y j + � l��V- �.� F ¢ � �$ G   ��'65_7�! '#" �' % � 
 � F �� '65_7 G

� ��3 ¢ � � � £ �Q� 
 � ������� F '65 7
�

� G � J 1
 (*' L "��')( $ 5 7�! % � � 5_7�! " j + � l��V- �.� F ¢ � �'65_7 G= '*>?7R@CB
2.

������� �43��V� � � � � ¢ � �&-21 J 1
 (*' L�"��')( $ ! % � � 5_7X! "Y � 
 �&- 
 � F �� $ 5_7 G j + � l��V- �.� F ¢ � �$ 5_7 G
  � ��� � ! � '%& � � " ���'65_7�! % ���O'65 7�!A� � 5
	2! � & N 1 �� (�')(:7��V(�')( 1
 � � 5
	� ! �
 � W

#$ 3 ¢ � ¤
3.

������� �43��V� � � � � ¢ � �&-21	� 
 J ( 1
 (*' L "��')( $ ! % � � 5_7�! "Y � 
 �&- 
 � a 1 F �� $ 5_7 GTj + � l��V- �.� F ¢ � �$ 5_7�G
  � ��� � ! � '%& � � " ���'65_7�! % ���O'65 � !A� � 5
	2! � & N 1 �� (�')(:7��V(�')( & 
 � � 5
	� ! �
 � W

#$ 3 ¢ � ¤
5�N	L



��� � ��� � � ��� � ������� ����������� � ��� � ������� ��� 
 &�3 465 7�8' ����	

4.
������� � $ 5_7�! "�" �� � 5 7�! " � � � � a � a ��&- � � � � � ¢ � �Q� j + � l���- ��.� F ¢ � �$ 5_7 G

  � �
�
� ��-��� � ¢ � � D 7� � ! ' & � � � -21� a 1 F]3 �

�� G 3 7��'65 7�! % H ¤
5.

������� � $ 5_7�! "�" �� � 5 7�! " � � � � a c�&- � �4� � � ¢ � �Q� j + � l��V- �.� F ¢ � �$ 5_7�G
  ��� � � � �]! " ���'65_7�! % � � 5
	�! � ¢ 3 
 N 
 � ( ' (87 � � 5
	� � � ! ( � �
 � � ¤

6.
������� � $ 5_7�! "�" �� � 5 7�! " �43 �Q� � � c a ��&- � �4� � 3 � � �Q� j + � l��V- �.� F ¢ � �$ 5_7�G

  ������ F 3 �
�� G � � � 5
	g5_7X! "� $ 5_7X! % � � 5_7�! " � c a ��&- � � � � � ¢ � �Q� ¤

7.
������� � � � ¢ � �&-21 �	('�6(*'�! "� � 5_7�! " � c�&- � F �$ 5 7 GTj + � l��V- �.� F ¢ � �$ 5_7 G

  �43 ¢ � � � � � '%& � � " ���'65 7�! % �(�P5n'65_7X!A� � 5 	2! � & N 1 � (�')(:7��V( �6( ' (87 � � 5
	
� ! �
 � � 3 ¢ � ¤

8.
������� � � � ¢ � �&-21 � - � -;�&-21�&- � F �$ 5_7�Ggj + � l���- ��.� F ¢ � �$ 5_7�G

  �]�	( 7X! ' � " �
� 5 	 �

�

' & ���'65_7�! % 3 F � �,G � a 1 � - � - ��-;�&-21� a 1 F]3 �
�� G! ¤

9.
������� � � � ¢ � �&-21 �	( � (*'�! "�C7�(%�9! " � c - �
 � F �� $ 5_7 GTj + � l�� a �.�&- � F ¢ � �$ 5_7�G

  � "�'#" � � � 5
	65_7�! � '%& � � " � � '%& ���'65_7X! % � � 5 	g5_7X! ' � � 5n'65_7�!A�(�Q(:7X!
Y �
¢ 3 & N 
 � ( ' (:7��#�6(:7��V( � ( ' (87( 1
 ��( � ( 	 ( �O')(:7 ! ( 
 � W

�
� � ¤

10.
������� � � � ¢ � � -21 � � 5 	g5n'65_7�! "�C7 (��9! " F�3 � ��G �Y � c - �
 � F �� $ 5_7 GTj + � a � l�� a ��.�&- � � � � � ¢ � ��� ¢ �

  � � � 5_7X! ' � � � ��! " ���'65_7X! % �(�Q(:7�!A� � 5
	g5:'�! � ¢ 3 & N 
 � ( ')(:7 �#�Q(:7 � � 5 	g5n'
� �V( 1
 ! ( �

W
�
 � � ¤

5�N	P



����� ����
.� ��� ������� � 
 � ;�� �!,�� <
11.

������� � � � ¢ � �&-21	� 
 �	( � (*'�! "�C7 (��9! " � c - �
 � a 1 F �� $ 5_7 GTj + � l�� a �.�&- � F ¢ � �$ 5_7 G
 

� � 5
	g5_7X! � ' & � � " � J � 
 L '%&
���'65_7X! % � � 5 	g5_7X! ' � � 5n'65_7�! �� & N 
 �� ( ' (87 �#� ��( � (*')(:7 ! ( 
 � W

�( � ( 	 (*�')(:7 � 1

#$ 3 ¢ �� ¤

12.
������� � � � ¢ � � -21	� 
 � � 5 	g5n'65_7�! "�C7 (��9! " F 3 � � G �

Y � c - �
 � a 1 F �� $ 5_7 GTj + � a � l�� a ��.�&- � � � � � ¢ � ��� ¢ �
  � � � � 5_7X! ' � � ��! " ���'65 7�! % � � 5
	g5n'�! � & N 
 � (�')(:7 �#� � � 5
	g5n'

� � 1
 ! ( �

W
�
 � 3 ¢ � ¤

13.
�&-21����� �43 ¢ � � � � � ¢ � � -21 � � 3 � � �&- � �(�9! "� � 5_7X! "Y � c a �
 �&- 
 � F �� ')( $ GTj � + � l��V- �. F ¢ � �$ 5_7�G

  �43 ¢ � � a 1 ��'65 7�! ']" � �(�&! '� � 5_7�! ' j � + � l���-;� . F ¢ � �'65_7 G � �(�&! ' � � 5
	g5_7X! '� � 5 7�! ' F 3 � � G �
Y ������� � " �	( � (*'�! "��')( $ 5_7�! % �C7 (%�6(*'�! " �	( � ( 	)(*'�! " F '65_7� G � � c a �&- �
 � F �� 'g5 7 G ¤

14.
�&-21����� �43 ¢ � � � � � ¢ � � -21 � � 3 � � �&- � a 1	� 
 �(�9! "� � 5_7X! "Y � c a �
 �&- 
 � a 1 F �� ')( $ Ggj � + � l��V- �. F ¢ � �$ 5_7 G

 �£ �43 ¢ � � a 1 � ��'65_7X! ']" � �(�&! '%& �� � 5_7X! ' j � + � l��V-;� . F ¢ � �'65_7�G� / � � ¢ �(�&! ' � � 5
	65_7�! '� � 5_7�! ' F]3 � �,G �
Y ������� � " �	( � (*'�! "��')( $ 5_7�! % �C7 (%�6(*'�! " �	( � ( 	)(*'�! " F '65_7� G � � c a �&- �
 � a 1 F �� 'g5 7 G ¤

5.12.7. Sums containing products of P
(ρ � pk,σ � qk)
n � mk (ϕ(k, z))

1.
������� �43 ¢ � � J ' $ L � j + � l�� .S � � � � �&� � 
  �¡ = � ��� 'I@CB

5)��N



��� � � � ��� ��� � � ����� ��� � � � �� � ��� � � � �	��� � � �	�� � �	��� � ����� � 
 ��� � ��� ��� � ���6����	 �!	 ��	
2.

������� � �65 � 5n'65_7�! "��	65_7�! " � � � ¢ � � -21 F � � G �
Y j + � a � l � a � .�&- � �4� � � ¢ � � � ¢ � j + � - � l�� .� F �$ 5_7 3 ¢ G

 
�
� 	�� �65_7�! ' � � ��! " ���'65_7X! % � �65 � 5:'�!A� � 5
	�! � & N 
 � ( ' (87 � �65 � 5:' � � 5 	� � 	 ! ( � ��

� 3 ¢ � ¤
3.

�&-21������ ��3 ¢ � � �	( � (*'�! "� �65_7X! " � � � ¢ � � -21 � � 3 � � �&- �Y j + � l � - ��.� F ¢ � �$ 5 7 G j + � l�� a �.�&- � F ¢ � �')( $ G
  3 ��'65_7X! ']" � � � 5_7�! '� �g5 7�! ' j + � l � -;� .� F ¢ � �'65_7 G� ���� ¢ � � � �65 � 5 7�! '� �65_7�! ' F � � G �Y ������� � " �	( � ( '�! "��')( $ 5_7�! % �	( �)( � ( '�! " � � 5_7X! " F '65_7

�
G � j + � l�� a �&- �.� F ¢ � �'65_7 G ¤

5.13. The Legendre Function P µ
ν (z)

5.13.1. Sums containing P
µ � k
ν � k (z)
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5.14. The Kummer Confluent Hypergeometric Function

1F1(a; b; z)

5.14.1. Sums containing 1F1(a; b; z)
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5.14.2. Sums containing 1F1(a; b; z) and special functions
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5.14.3. Sums containing products of 1F1(a; b; z)
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5.15. The Tricomi Confluent Hypergeometric Function
Ψ(a; b; z)

5.15.1. Sums containing Ψ(a; b; z)
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5.15.2. Sums containing Ψ(a; b; z) and special functions
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5.16. The Gauss Hypergeometric Function

2F1(a, b; c; z)

5.16.1. Sums containing 2F1(a, b; c; z)
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5.16.2. Sums containing 2F1(a, b; c; z) and special functions
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5.16.3. Sums containing products of 2F1(a, b; c; z)
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5.17. The Generalized Hypergeometric Function

pFq((ap); (bq); z)

5.17.1. Sums containing pFq((ap) � mk; (bq) � nk; z)
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5.17.4. Sums containing pFq((ap) � mk; (bq) � nk; ϕ(k, z))

and special functions

1.
������� J 1
 (*' L "$&% ��')( $ ! % ��3��#� � � � � ¢ � �&-21 � 
 �&- 
 � F �� $ 5_7 G � a 1 N � � ( $ �&� m � !� � � ! ! �� a 1 �
  3 � � '%& �

�

� ' & � � " ���'65_7�! % ���O'65 7�!
�
�
�

�

�

� � � (:7X!
�
�

� �

�

� m � (87�!
�
� a 
 N�� � (�')(:7��V(�')( 1
 ��� m � !�(:7� � � !�(:7 ! ( � " � � � 3 ¢ � ¤

2.
������� J (�')( 1
 L "$&% ��' ( $ ! % �43��V� � � � � ¢ � �&-21	� 


Y � 
 �&- 
 � a 1 F �� $ 5_7 G � a 1 N � � ( $ ��� m � !� � � ! ! �� a 1 �
  3 � � '%& �

�

� ' & � � " ���'65_7�! % ���O'65 � !
�
�
�

�

�

� � � (:7X!
�
�

� �

�

� m � (87�!
�
� a 
 N�� � (�')(:7��V(�')( & 
 ��� m � !�(:7� � � !�(:7 ! ( � " � � � 3 ¢ � ¤

3.
������� � $ 5_7�! '#" �$&% ��3 d 3 � � � � c�&- � F �$ 5_7�G � a 1 N�� � ( $ �&� m � !� � � ! ! �� a 1 �

  �	(
�
! ' & � � " ���' 5:7�! % �(�E5*' 5n7�!

�
�
�

�

�

� � � ( 7�!
�
�

� �

�

� m � (*7X! �
� a 
 N � ^ (�'g(*7��]( � ( 'g(*7��#� m � !I( 7� � � !I( 7 ! ( � " � � ` 3 ¢  ¤

4.
������� � $ 5_7�! "�" �$&% �43 �Q� � � c a ��&- � �4� � 3 � � �Q� � a 1 N�� � ( $ �&� m � !� � � ! ! �� a 1 �

  ������� �
�
��! "� $ 5_7�! % � � m � ! "

� � � � ! " � c a ��&- � �4� � � ¢ � �Q� ¤
5.

����� 1 �43 � �
� � � 3 � � ¢ � �&- � -21 �	( � ( '�! "$&% � c�&- � F �'g( $ 5n7 G � a 1 N � � ( $ �V� m � !� � � ! ! �� �

  3Q� � � ¢ � �&-21 � c� F �'65_7 G
� �	(

�
! '��'65_7X! % ������� J '65_7$ L��43 � 3 d2� � F '65_7

�
G � � a 1 N�� � ( $ �&� m � !� � � ! ! �� a 1 � ¤5�,!5



��� � ��� � � ��� � �����	��� � �	���������� � ��� � � �	�� � �	��� � ����� � 
� ��� ��� ��� � � � � ��� � 	
	���� � 	
	��
	
5.17.5. Sums containing products of pFq((ap) � mk; (bq) � nk;ϕ(k, z))
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5.17.6. Various sums containing pFq((ap)+mk; (bq)+nk; z)
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5.18. Multiple Sums

5.18.1. Sums containing Bessel functions
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5.18.2. Sums containing orthogonal polynomials
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Chapter 6

Infinite Series

6.1. Elementary Functions

6.1.1. Series containing algebraic functions
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6.1.2. Series containing the exponential function
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6.1.3. Series containing hyperbolic functions
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6.1.4. Series containing trigonometric functions
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6.2. The Psi Function ψ(z)

6.2.1. Series containing ψ(ka+ b)
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6.2.2. Series containing ψ(ka+ b) and trigonometric functions
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6.3. The Hurwitz Zeta Function ζ(s, z)

6.3.1. Series containing ζ(k, z)
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6.5. The Fresnel Integrals S(x) and C(x)

6.5.1. Series containing S(ϕ(k)x), C(ϕ(k)x) and algebraic
functions
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6.5.3. Series containing S(kx), C(kx) and Si (kx)
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6.5.4. Series containing products of S(kx) and C(kx)
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6.6. The Incomplete Gamma Function γ(ν, z)

6.6.1. Series containing γ(ν � k, z)
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6.6.2. Series containing products of γ(ν + k, z)
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6.7. The Parabolic Cylinder Function Dν(z)

6.7.1. Series containing Dν � nk(z) and elementary functions
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6.8. The Bessel Functions Jν(z) and Yν(z)

6.8.1. Series containing Jnk+ν(z)
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6.8.2. Series containing two Bessel functions Jnk+ν(z)

1.
����� 1 � 
� a � �	�&�   J � 
 L

� �'& �

�
� � � 5n�O! 
 N & � � 5_7�� � 5 & 
 ! ( � �� 5n��� � 5n����� � 5n� � ¤

2.
������� �43 ¢ � � � 
 � a 1 � �Q� � 
 � + 
 � a 1 . �	�&�   7� �  ∫� � � � � � �� � � £�� ���4� �� � �	� � � � ����
 � ¤

3.
������� � £)� � ¢ � � 
� a 1	� 
 �	�&�   � �

� ¤

4.
������� � £)� �  � � 
� a &4� 
 �	�&�   7

� � � �� � � £ �&� � £ � 
 3 ¢ � ¤
5.

������� � � � 	�� � � a � � �Q� � � a � �	�&�   �
��]�M�E(
�
! � � � -21 � �Q� � � �	�&�<3 � � � �Q� � � -21 �0�&�	� ¤

5�:�,



��� ��� ��� ��� �����	��� � �	
 
 ��� 
� ��� ��� ����
 � � ���
	 � ���  � ����	
6.

������� � � � 	�� � 
� a � �	�&�
  � �� � � 
� -21 �0�&��� � 
� �0�&��3 � � -21 �	�&� � � a 1 �0�&��3 � � - 
 �	�&� � � �0�&�	� ¤

7.
����� 
 � 
�� � 
 3 ¢ ��
 � 
� �	�&�  

��� �7�� � �O� �
� � ¤

8.
������� �	( 7�! "��� $ (:7X!A��� $ 5 � ! � � �	�&� � � a 1 �0�&�   �� � � � � � £ �&� H 1 � £ �&��3 � 1 � £ �&� H� � £ �&�	� ¤

9.
������� �	( 7�! "��� $ 5_7X! � � � - � -21	� 
 �0�&� � � a � a 1	� 
 �	�&�   7�  ∫� ��� �83���� � 
 � � £ � � � � ��� 
 � ¤

10.
������� � � 7X! "$&% � � - � �	�&� � � a � �0�&�   �

�
 � 
∫� � � � � � + 
 � . �� � � � � � £ ��� � 
 � � £ � �� � ����
 � ¤

11.
������� �43 ¢ � � ��� � ! "$9% � 
� a � �	�&�   J � 
 L

� �

�
� � � 5_7�! 1 N 
 � � 5 1
 ! (�� �� 5_7�� � 5_7 � ¤

12.
������� �43 ¢ � � � � � 	�� ��� � ! "$&% � � a � � �Q� � � a � �	�&�   � " �

� � � ! F �
�

�
5 ��G � � � � � � �&� ¤

13.
������� � m ! "�C7�( m ! " � 
� �	�&�   7� � 
� �	�&� � 7� 1 N 
 � 1
 ( m ! (�� �7��#7�( m � ¤

14.
������� �43 ¢ � � � m ! "�C7 ( m ! " � 
� �0�&�   7� � 
� �	�&� � 7� 1 N 
 � 1
 ! (�� �7 �#7 ( m � ¤

15.
������� � m ! "��� ( m ! " � 
� a 1	� 
 �0�&�   �O�

� 
 N & �� 7�� & 
 ( m ! (�� �& 
 � & 
 ��� ( m #$
¤

16.
������� �43 ¢ � � � £)� � ¢ � � m ! "��� ( m ! " � 
� a 1	� 
 �0�&�   � ��� ( m !� � � � -21	� 
 H 1	� 
 -�� � £ �&� ¤

17.
������� � £)� � fI� � m ! "$&% � 
� a � �	�&�

  m
�
� � � 5_7X! F � �,G 
 � 
 N & � � ( � 
 � � 5 1;- �
 ! ( � �� 5 7 � � 5_7���� � ( m 5_7 � ¤

5�:	3



����� ��� � � � � ��� ���������� �	
 � :1� L1� ,
18.

������� $ 5 �� � $ 5 � ! � (:7 ��� � ! "$&% � 
� a � �0�&�
  J � 
 L

� �

� � � � (87�! � � � ! � � � 5_7�! 1 N 
 � 7 ! (�� �
� 5_7�� � 5 & 
 � ¤

19.
������� �43 ¢ � � $ 5 �� � $ 5 � ! � (:7 ��� � ! "$9% � 
� a � �	�&�

  J � 
 L
� �

� � � � (:7�! � � � ! � � � 5_7X! 1 N 

�� � 5 1
 ! ( � �� 5 7 � � 5 & 


#$
¤

20.
������� �43 ¢ � � �C7 ( m ! "� m ! " � � - � �0�&� � � a � �	�&�

  7� � 
� �0�&��� £ 
 � -!& ��
 � �
� � m ! � J m 5 � ( 1
 L� � � ��� m (:7X! � � m 5 � ! � ��� � 5_7X! 1 N 
 � m 5 � ( 1
 ! (�� �m 5 � �]� � 5 7 � ¤

21.
������� �43 ¢ � � � m ! "$&% � � a � �	�&� � � - � �	�&�   � � �65 � ( m 5_7�!

� � � 5_7�! � � �Q5 � 5_7X! � � �)( m 5 7�!
Y F � ��G � a � 
 N & � � a � - � a 1
 � � a � - �
 5_7 ! (�� �� 5_7 � �65 � 5 7 � �)( m 5_7 � ¤

22.
������� �43 ¢ � � J 1
 ( � L "

J & 
 5 � L " � � a � �	�&� � � - � -21 �	�&�  
� J � 5 & 
 L� � � � 5_7X! � -21	� 
 � 
 � -21	� 
 � £ �&� ¤

23.
������� � �g5 � ! " � �65 � ( m 5_7X! "$&% � m ! " � � a � �0�&� � � a � �0�&�

  J � 
 L � &(�� � �65 7�! � � � 5_7X! 
 N & � � a � a 1
 � m ( � a �
m � �65_7�� � 5_7 ! (�� � � ¤
24.

������� ��� � ! " ��� � ( m 5_7�! "$&% � m ! " � 
� a � �	�&�   J � 
 L
� �

�
� � � 5_7�! 
 N & � � 5 1
 � m ( � ! ( � �m � � 5_7�� � 5_7 � ¤

25.
������� �43 ¢ � � � � � 	;� ��� � ! " ��� � ( m 5n7�! "$9% � m ! " � 
� a � �0�&�   J � 
 L

� �

� �
� � � ! 1 N 
 � � 5 1
 ! (�� �m � � 5n7 � ¤

5�:95



��� ��� � � ��� �����	��� � �	
 
 ��� 
� ��� ��� ����
 � � ���
	 � ���  � ����	
26.

������� �43 ¢ � � � �)( � ! " � �)( � ( m 5_7�! "$9% � m ! " � � a � �	�&� � � - � �	�&�
 

� � m ! � J � - �
 5_7 L � J m 5 & � - �
 L
� � � 5_7�! � � �)( � 5_7X! � J � a �
 5_7 L � � m 5 � ! � J m 5 � - �
 L F � �,G � a �

Y 
 N & � � a � a 1
 � m 5 & � - �
 ! ( � �� 5_7�� �g5 � 5_7�� � 5 m � ¤
27.

������� �43 ¢ � � � 
 � a 1 � �Q� � 
 � + 
 � a 1 . �	�&�   7� �  ∫� � � � � � �� � � £
� ��� � �� � �0� ��� � ����
 � ¤
28.

����� 1
�
� J 
 � a 1� L

�
� J 
 � a &� L � 
� �	�&�   3 7� � � � � F 7� G � 
� �0�&�

� �
�
 � 
∫� � � � £ � � � � ��� K � �� � ��� 
 � ¤

29.
����� 1 �43 ¢ �

� �
� J 
 � a 1

� L
�
� J 
 � a &� L � 
� �0�&�   3 7� � � � � F 7� G � 
� �	�&�

� �
� 1∫� 7� 7 ( � � � � � £ � ��� K � ��� 
 � ¤

6.8.3. Series containing three Bessel functions Jnk+ν(z)
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6.8.4. Series containing four Bessel functions Jnk+ν(z)
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6.8.5. Series containing Jk+ν(z) and ψ(z)
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6.8.6. Series containing Jν(ϕ(k, x))
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6.8.7. Series containing Jν(kx) and trigonometric functions
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6.8.8. Series containing products of Jν(ϕ(k, x))
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6.8.9. Series containing products of Jν(kx) and trigonometric
functions
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6.8.10. Series containing Jν(kx) and Si (kx)
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6.8.11. Series containing Jν(kx), S(kx) and C(kx)
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6.8.12. Series containing Jkµ+ν(ϕ(k, z))
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6.8.13. Various series containing Jν(z)
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6.8.14. Series containing Yk+ν(z)
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6.9. The Modified Bessel Function Iν(z)

6.9.1. Series containing Ink+ν(z)
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6.9.2. Series containing Ik+ν(z) and ψ(z)
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6.9.3. Series containing products of Ink+ν(z)
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6.10. The Struve Functions Hν(z) and Lν(z)

6.10.1. Series containing Hk+ν(z) and Lk+ν(z)
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6.10.3. Series containing Hν(kx) and trigonometric functions
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6.10.4. Series containing Hν(kx) and Si (kx)
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6.10.6. Series containing Hν(ϕ(k)x) and Jµ(kx)
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6.10.7. Series containing product of Hν(kx)
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6.11. The Legendre Polynomials Pn(z)

6.11.1. Series containing Pnk+m(z)
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1.
������� � £)� � ¢ � � 
 � a 1 � �Q� j � �	�&�   � � � � ) � * 7�(*�� , ¤

2.
������� �43 ¢ � � � � � � ¢ � � 
 � a 1	� 
 � �Q� j 
 � �	�&�   * �

�� �� � � �Q�&� ¤
3.

������� �43 ¢ � � � � � �  � � 
 � a &4� 
 � �Q� j 
 � a 1 �	�&�   * �
�� � � � � �Q�&� ¤

4.
������� � � � � ¢ � J 1
 L "$9% � 
 � a 1	� 
 � �Q� j 
 � �0�&�   * �

�� � � F � � ¢ 3h� 
 G ¤
5.

������� � � � �  � J & 
 L "$9% � 
 � a &4� 
 � �Q� j 
 � a 1 �0�&�   � * �
�

�

� � � F � � ¢ 3h� 
 G ¤
5�L	:



��� ����� ��� ��� �������	����� �����	��� ����� ��� � ������� ��� 
 & ' ���
	
6.

������� � £)� � ¢ � � 
� a 1	� 
 � �Q� j � �	�&�   � �
� � 7�(8� ��� � �

� / £ 3 £ � � ¤
7.

������� �43 ¢ � � � � � � ¢ � � � a � � �Q� � � - � a 1	� 
 � �Q� j 
 � �	�&�
  7

� � � 5_7�! � J & 
 ( � L " � � 
 N & �� &� � �� ! ( � � � �1
 � & 
 ( � �V7<5 � #$ ¤
8.

������� � � � � ¢ � J 1
 L "$9% � � a � � �Q� � � - � a 1	� 
 � �Q� j 
 � �	�&�
  7

� � � 5_7�! � J & 
 ( � L " � � 
 N & �� &� � �� ! � � � � ( �

�7�� & 
 ( � �V7<5 � #$
¤

9.
������� �43 ¢ � � � � � � ¢ � � 
� a 1	��� � �Q� j 
 � �0�&�

  7� � � 1	��� � �Q�&��� � 1	��� � �Q�&��3 £ �Q� � � ��� � �Q�&�	� ¤
10.

������� �43 ¢ � � � � � �  � � 
� a &4��� � �Q� j 
 � a 1 �0�&�
  7� � � &4��� � �Q�&�2�  � &4��� � �Q�&�<3 £ �Q� � � ��� � �Q�&�	� ¤

11.
������� � £!� � ¢ � 	 � a 1	� 
 � �Q� j � �	�&�   * �

�� � � � ¤

12.
������� � � � � ¢ � 	 
 � a 1	� 
 � �Q� j 
 � �	�&�   * �

�� �� ��� � �Q�&� ¤
13.

������� � � � �  � 	 
 � a &4� 
 � �Q� j 
 � a 1 �	�&�   * �
�� ��� ��� � �Q�&� ¤

14.
������� �43 ¢ � � � � � � ¢ � J 1
 L "$9% 	 � a 1	��� � �Q� j 
 � �0�&�

  � 	� �
� ��F �� G � 1	��� � - � 1 N 1 � &� ! � � ( �

�
� �7 � ¤

5�L�<



�+� � ��� � � � � ��� ���������� �	
 � :1� �	�	� 3
15.

������� �43 ¢ � � � � � �  � J & 
 L "$9% 	 � a &4��� � �Q� j 
 � a 1 �0�&�
  � �  �

� ��F 7� G � &4��� � �#- � 1 N 1 � �� ! � � ( �
�
� �7 � ¤

6.11.3. Series containing products of Pnk+m(z)
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6.11.4. Series containing Pnk+m(ϕ(k, z))
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6.12. The Chebyshev Polynomials Tk(z) and Uk(z)

6.12.1. Series containing Tnk+m(ϕ(k, z))
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6.12.2. Series containing Tnk+m(z) and Bessel functions
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6.12.3. Series containing Unk+m(ϕ(k, z))
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6.12.4. Series containing Unk+m(z) and Bessel functions
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6.13. Hermite Polynomials Hn(z)

6.13.1. Series containing Hnk+m(z) and Bessel functions
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6.13.3. Series containing Hnk+m(ϕ(k, z))
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6.13.4. Series containing Hnk+m(ϕ(k, z)) and special functions
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6.13.5. Series containing products of Hnk+m(ϕ(k, z))
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6.14. The Laguerre Polynomials Lλn(z)

6.14.1. Series containing Lλ
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6.16.4. Series containing P
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6.16.5. Series containing P
(ρ � pk,σ � qk)
m � nk (ϕ(k, z)) and special

functions
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6.17. The Generalized Hypergeometric Function

pFq((ap); (bq); z)

6.17.1. Series containing pFq((ap(k)); (bq(k)); z)
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6.17.2. Series containing pFq((ap(k)); (bq(k)); z)
and trigonometric functions
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6.17.4. Series containing products of pFq((ap(k)); (bq(k)); z)
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6.17.6. Series containing pFp+1((ap(k)); (bp+1(k)); ϕ(k)z)
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6.17.7. Series containing pFq((ap(k)); (bq(k)); ϕ(k)z) and special
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6.17.8. Series containing products of pFq((ap(k)); (bq(k)); ϕ(k)z)
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Chapter 7

The Connection Formulas

7.1. Elementary Functions

7.1.1. Trigonometric functions
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7.2. Special Functions

7.2.1. The psi function ψ(z)
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7.2.2. The incomplete gamma functions Γ(ν, z) and γ(ν, z)
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7.2.3. The parabolic cylinder function Dν(z)
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7.2.4. The Bessel functions Jν(z), H
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7.2.9. The Legendre polynomials Pn(z)

1. j � �	�&�   �43 ¢ � � j � ��3P�&� ¤
2.

  � 1	� 
� �	�&� ¤
3.

  j + � l �A.� �0�&� ¤
4.

  F ��(87� G � j + � lC- 
 �&-21 .� F � 5 �7�(8� G ¤
5.

  ��3 £ � � �	��
 3 ¢ � ��� 
 j + -;�&-21	� 
 lC-;�&-21	� 
 .� F �� � � (:7 G ¤
6. j 
 � �	�&�   �0��
 3 ¢ � � j + -21	� 
 lC- 
 �&-21	� 
 .� ) 7,5n� �7�(*� � , ¤
7.

  � 
 � j + � lC- 
 �&-21	� 
 .� F �� � 3 ¢ G ¤
8. j 
 � a 1 �	�&�   �;�0��
 3 ¢ � � j + 1	� 
 lC- 
 �&-!&4� 
 .� ) 7,5 � �7�(8� � , ¤
9.

  � 
 � a 1 j + � lC- 
 �&-!&4� 
 .� F �� � 3 ¢ G ¤
7.2.10. The Chebyshev polynomials Tn(z) and Un(z)

1.
� � �0�&�   ��3 ¢ � � � � ��3P�&� ¤

2.
  ��3 ¢ � � � 
 � ) * 7 (8�� , ¤

3.
  � 
 � ) * 7,5n�� , ¤

4.
  � � �0�&��3h� � �&-21 �0�&� = '8>?7A@CB

;!5�P



�+� � ������� � ������� ��� ��� ��� 
 �#��� � ��� 
 � <�� ,�� ��N
5.

  ' � 
 � �c � � 7� � c� �	�&� ¤
6.

  ' %
J 1
 L ' j + -21	� 
 lC-21	� 
 .� �0�&� ¤

7.
� 
 � �0�&�   � � � £ ��
 3 ¢ � ¤

8.
  ��3 ¢ � � � 
 � F � ¢ 3h� 
 G ¤

9.
 �£ � 
� �0�&��3 ¢!¤

10.
  �43 ¢ � � a 1� £ � 
 � ) * 7� � 7� � ¢ 3h� 
 � 1	� 
 , � 
 � ) * 7� 3 7� � ¢ 3h� 
 � 1	� 
 , ¤

11.
  ' %

J '65 1
 L ' � 
 � � 1	� 
 - 
 �
 � ) � � � (:7� , ¤
12.

  ' %
J 1
 L ' ��
 � j + -21	� 
 lC- 
 � .� F �� � 3 ¢ G ¤

13.
� 
 � a 1 �0�&�  �£ � 
 � a 1 � * 7<5 � 7�(*� �� � � 
 � a 1 � * 7 (�� 7 (8� �� � ¤

14.
  �43 ¢ � � � � 
 � F � ¢ 3h� 
 G ¤

15.
  ' %

J '65 & 
 L ' � 
 � a 1 � -21	� 
 - 
 �
 � ) � � � (:7� , ¤
16.

  ' %
J 1
 L�' � j + -21	� 
 lM1	� 
 .� � £ ��
 3 ¢ � ¤

17.
  ' %

J 1
 L ' ��
 �
a 1 j + -21	� 
 lC- 
 �&-21 .� F �� � 3 ¢ G ¤

18.
� 
� �	�&�   7� � � 
 � �0�&��� ¢ � ¤

19.
 �¢ 3 � ¢ 3h��
� � 
�&-21 �0�&� = '8>?7A@CB

20. � � �	�&�   �43 ¢ � � � � �43��&� ¤
21.

  � 1� �	�&� ¤
22.

  ��'65_7X! %
J & 
 L ' j + 1	� 
 lM1	� 
 .� �	�&� ¤

;	;9N



��� ��� ����� ��� ���
� �	��� � � � 
 ��� � ��� ��� 

23. � 
 � �	�&�   �	( 7X! '� 7 (8� � � 
 � a 1 F � ¢ 3h� 
 G ¤
24.

  3 ' % ���O'65_7X!� J 'g5 1
 L '%& � ��
 �
a 1 �0��
 3 ¢ � -21	� 
 � -21	� 
 - 
 �
 � a 1 ) * ¢ 3 7� � , ¤

25.
  ' %

J 1
 L�' j + 1	� 
 lC-21	� 
 .� � £ ��
 3 ¢ � ¤
26.

  ��' % ! ����O'�! % � £ �&� 
 � j + 1	� 
 lC- 
 �&-21 .� F �� � 3 ¢ G ¤
27. � 
 � a 1 �	�&�  �£ � � � � £ � 
 3 ¢ � ¤
28.

  �43 ¢ � � �� 7 (8� � � 
 � a 1 F � ¢ 3h� 
 G ¤
29.

  3 �#��'65 7�! %� � '65 � ! J '65 & 
 L�' ��
 � a 
��0��
 3 ¢ � -21	� 
 � -!&4� 
 - 
 �
 � a 1 ) * ¢ 3 7� � , ¤
30.

  ' % ��'65_7X! %���'65_7�! % � £ �&� 
 � a 1 j + 1	� 
 lC- 
 �&- 
 .� F �� � 3 ¢ G ¤
31. � 
� �	�&�   77 (8� � � ¢ 3 � 
� a 1 �0�&�	� ¤
32.

� 
 � �0�&� � 
 � a 1 F � ¢ 3h� 
 G � � � 
 � a 1 �0�&� � 
 �&-21 F � ¢ 3 � 
 G
  ��3 ¢ � � � ¢ 3h� 
 = '8>?7A@	B

7.2.11. The Hermite polynomials Hn(z)
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7.2.14. The Jacobi polynomials P (ρ,σ)

n (z)
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7.2.15. The polynomials of the imaginary argument
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 � F � ¢ � � 
 G ¤
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7.2.16. The complete elliptic integral K(z)

1. K F 7� � G   7� � � � 
 F 7� G ¤
2. K

� * 7�( � �� �   � " ���� �
� �� � ��F 7� G ��F � � G ¤
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� * � ( � �� �   � " �� � � " �� ��
��F 7� G ��F 7� G ¤

4. K

� * � ( � � �� �   � " �  �
� �� � � 
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11. K ) " ¢�£ / £ 3 ¢ � ,   ��5 � �� � �� � � 
 F 7� G ¤
12. K ) " ¢ � 3 ¢L£ / £ ,   � � 5n� � � � �� �� �� � � �� � �2
IF 7� G ¤
13. K

� � /  3 / £ � � £ 3 /  � �
 

� � � ( � � � � � 5 � � � � 7<5 � � ��� �� �� � � �� � ��F 7� � G ��F 7O7� � G = � � @	B
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15. K
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7.2.17. The complete elliptic integral E(z)

1. E F 7� � G   7� � � D �2
]� 7� � � � �2
�� �� � H ¤
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Chapter 8

Representations
of Hypergeometric Functions
and of the Meijer G Function

8.1. The Hypergeometric Functions

8.1.1. The Gauss hypergeometric function 2F1(a, b; c; z)
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8.1.7. The hypergeometric function 8F7(a1, . . . , a8; b1, . . . , b7; z)
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8.1.8. The hypergeometric function 10F9(a1, . . . , a10; b1, . . . , b9; z)
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8.1.10. The Tricomi confluent hypergeometric function Ψ(a; b; z)
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8.1.11. The hypergeometric function 1F2(a1; b1, b2; z)
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8.1.12. The hypergeometric function 2F2(a1, a2; b1, b2; z)
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8.1.13. The hypergeometric function 2F3(a1, a2; b1, b2, b3; z)
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8.1.14. The hypergeometric function 3F0(a1, a2, a3; z)

1. & N � ^ ( ' � 1
 �#7� `  �� � / � �I+ 
 �&-21 . ��� D�	 -;�&-21	� 
 F �� � G 3 L� a 1	� 
 F �� � GIH ¤
2. & N � � ( ' � 1
 �#7( � �  �� � / � � + 
 �&-21 . ��� D H� a 1	� 
 F �� � G 3 � � a 1	� 
 F �� � GIH ¤
8.1.15. The hypergeometric function 5F0(a1, a2, . . . , a5; z)
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8.1.16. The hypergeometric function 4F1(a1, . . . , a4; b1; z)
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8.1.17. The hypergeometric function 6F1(a1, . . . , a6; b1; z)
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8.1.18. The hypergeometric function 8F3(a1, . . . , a8; b1, b2, b3; z)

1. � N & �� ( � � � 1;- �� � 
 - �� � &<- �� � � a 1�
� � a 


�
� � a &� � � � 5_71� � 1
 � &� ! (��

#$
  � �� �� �

Y�� D � � � � �� ��� ��� � / £ � -21	��� � ��� � F ' �� 3 / £ � -21	��� G� �� �
� �� �� ��� � / £ � -21	��� � �� � F ' �� 3 / £ � -21	��� GIH � � 
 -;�&-21	� 
 � £ � -21	��� �� D �� � � �� ��� ��� � / £ � -21	��� � ��� � F ' �� 3 / £ � -21	��� G3 � � �
� �� �� ��� � / £ � -21	��� � �� � F ' �� 3 / £ � -21	��� G9H � ��� -;�&-21	� 
 � £ � -21	��� �3 D �� � � �� �� ��� � / £ � -21	��� � � � � F ' �� � / £ � -21	��� G� � � �
� �� ��� ��� � / £ � -21	��� � �� � F ' �� � / £ � -21	��� GIH � � 
 � a 1	� 
 � £ � -21	��� �

:	3�,



��� ��� � � � ��� ������� ��� � �	�� ���	��� � ����� � 
� ��� ��� ����

� D ��� � � �� �� ��� � / £ � -21	��� � ��� � F ' �� � / £ � -21	��� G3 �� �
� �� � � ��� � / £ � -21	��� � �� � F ' �� � / £ � -21	��� G � ��� � a 1	� 
 � £ � -21	��� � H � ¤

2. � N & �� ( �
�
� 1;- �

�
� 
 - �

�
� &<- �

�
� � a �

�
� � a �

�
� � a �

�
� �
�
5n�&� � �� � & 
 ! (��

#$

  � � � ���'65_7X!A��'65n�!A��'65 � !A��'65 � !�� 	� �Y�� D ��� � � �� �� ��� � / £ � -21	��� � �� � F ' �� 3 / £ � -21	��� G3 �� �
� �� ��� ��� � / £ � -21	��� � ��� � F ' �� 3 / £ � -21	��� GIH � � 
 -;�&- � � 
 � £ � -21	��� �� D �� � � �� �� ��� � / £ � -21	��� � �� � F ' �� 3 / £ � -21	��� G� ��� �
� �� � � ��� � / £ � -21	��� � � � � F ' �� 3 / £ � -21	��� GIH � ��� -;�&- � � 
 � £ � -21	��� �� D �� � � �� � � ��� � / £ � -21	��� � �� � F ' �� � / £ � -21	��� G3 � � �
� �� �� ��� � / £ � -21	��� � � � � F ' �� � / £ � -21	��� GIH � � 
 � a � � 
 � £ � -21	��� �3 D ��� � � �� � � ��� � / £ � -21	��� � �� � F ' �� � / £ � -21	��� G� �� �

� �� �� ��� � / £ � -21	��� � ��� � F ' �� � / £ � -21	��� G � ��� � a � � 
 � £ � -21	��� � H � ¤
8.1.19. The hypergeometric function 0F3(b1, b2, b3; z)
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8.1.20. The hypergeometric function 0F7(b1, . . . , b7; z)
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8.1.21. The hypergeometric function 2F5(a1, a2; b1, . . . , b5; z)
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8.1.22. The hypergeometric function 4F7(a1, . . . , a4; b1, . . . , b7; z)
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8.1.23. The generalized hypergeometric function pFq((ap); (bq); z)
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8.2.2. Various Meijer G functions
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